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ABSTRACT

Use of gularity elemnts to model pore-pressures in the vicinity of free-draining loaded surfaces,

immediately after application of loads at these surfaces is discussed. One-dimensional consolidation is

considered. Comparison of numerical results with the exact solution shows that use of Specially designed

elements approaching 'singularity' may succeed in reducing the error in pore-pressures.
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1. INTRODUCTION

, "" Usa of the finite element method for solution of sail consolidation problems is wel established. Since

the first application of this method (1,2], considerable progress has been made in the theoretical formulation

i as well as the computational procedures. Recent advances include variational formulations admitting limited

* smoothness of finite element bases (3,43, experimentation with several different spatial interpolation schemes

(5-91 and investigation of various temporal approximation methods (6,9-15). The finite element method has been

applied to soils exhibiting secondary compression (8,11,133, nonlinear soil behavior (13,16-201, and to finite

deformation [16,18,201. Developments in solution procedures include use of Laplace transforms (10,11,14,

automatic selection of the time-step size (131 and the use of single variable formulations (21,221. Other

.... " ~developments cover use of boundary element methods (23,243, allowance for infinitely distant boundaries,

* material interfaces, etc.

One particular aspect of the finite element procedures for soil consolidation has been the difficulty in

U reproducing accurately the pore-water pressures near loaded free-draining surfaces immediately after

application of loads at these surfaces. This can be troublesome in problems involving inelastic soil behavior.

-'. dYokoo's (253 formulation, not requiring the fluid pressure to satisfy the prescribed boundary condition at the

free-draining boundary gave good solution imediately after loading. Bucheaier's (263 studies shoved that

transition elements, using higher order interpolation, near loaded boundaries had only limited success.

Verwer (273 suggested that the fluid pressure boundary condition be enforced as a 'ramp' condition to limit

the error.

Herein we report num.ical performance of another approach to development of finite element procedures to

satisfactorily model the pore-pressure distribution in the vicinity of free-draining loaded surfaces. It
p cosists of using 'singularity' elements. I& the second section we state the two-field formulation of the

boundary value problem of consolidation of linear elastic soils. The third section contains a discussion of

* -' ~the problem of determining the pore pressures in the vicinity of a free-draining loaded surface and a

description of 'singularity' elements. The numerical performance of several variants of the scheme in

solution of one-dimensional consolidation is discussed in the fourth section. The fifth section lists the

conclusions arrived at as a result of this investigation.

S .4
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II. EQUATIONS GOVERNING LINEAR ELASTIC SOIL CONSOLIDATION

II.A The Differential Ec.ations

.- Assuming pore water to be incompressible, the equations of force equilibrium of elementary volumes and of

mass continuity may be written in standard indicial notation as (1,7,28]:

CE u I +rr * +f. : 0 (1)klij k,l ,i ,j J

K (T . )  u 0 (2)[ij ,+ " i),1 ui,i 0

where ... . d tehe cartesian components, respectively, of the displacement vector, the body
*%* '.I Ii klij' i

- force vector per unit mass, the isothermal elasticity tensor and the permeability tensor. P is the mass
density of the saturated soil and pthat of water. rT is the pore water pressure. Mith these field equations

* we associate the following boundary conditions:

2 u on S (3)

t :(Q + ir n t tonS (4)S ji jiii i 21
A

-llTon S (5)

" x q n a 9 on S (6)

where li, 92i are complementary subsets of the boundary of the spatial region of interest and so are S3, S4.

Discretization of the governing function for the two-field formulation [3,291 followed by application of
the variational principle leads to the following matrix equations (1,29,301:

u(t 0 0 01

LcT I P+ T 
(7)

"Ker (t It I IsC -IM K T
where (to, t1) is the single tin step of interest;

At t -t

W 2



ult)), (ult)) vectors of nodal point values of the components of displacement at time t , t

(T IJt~ Mt 0) aVectors of nodal paint values of the pore water pressure at times t I, t0
respectively;

CP ) * the vector of nodal point loads including applied nodal loads, boundary tractions, body

forces, initial stresses and effect of displacement constraints;

P(p) s the vector of nodal point fluxes including applied nodal fluxes, boundary fluxes, body
2

force effects and effects of speciaafied pore water pressures;

- z z the spatial 'stiffness matrix' for the elastic soil;

(K) the spatial 'flow matrix' foro(At = 1;
S"a the coefficient characterizing single step temporal discretization; v ,5 for stabilil

DC = the coupling matrix representing the influence of pore water pressures in the force

equilibrium equation;

T
D-. aCC the coupling matrix representing the influence of soil volume change upon the nodal point

flux.

The matrices [K] and EK depend upon the interpolation schemes for displacements and pore water pressures,

respectively. The coupling matrix IC) involves spatial interpolation for both the field variables. The

tNporal discretization for the single step scheme is reflected in the value of the coefficient

"" 4 "Equation (7) iKNledes the 'natural' boundary conditions expressed by Equations (4) and (6). Equations (3)
A

ad (5) are satisfied by explicitly requiring u -a on S and W'Tl~on S
i I ii 3

The basic interpolation hem used in the present study was the 8-4 quadrilateral element introduced by

J Sondhe (7,30). In this element, the displacements have biquadratic lagrange interpolation and the pore water

pressre has bilinar lagrange interpolation which is isoparametric with the element geometry. In this report,

this proicedr. is referred to as the standard P914 procedure.The singularity elements used near the loaded

fredraining surfaces will be described in the next section.

.1
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-. IIl. PORE-PRESSURES NEAR LOADED FREE-DRAINING BOUNDARIES

II..A Preliminaries

Immediately after application of a surface load to a free-draining boundary, the excess pore water

pressure remains zero at the surface but has a very steep gradient and rises, over an extremely short distance

into the soil mass, to a magnitude comparable with the applied stress. Finite element interpolations commonly

used do not have (291 the capability to model this locally high pore pressure gradient near the surface.

Attempts to overcome this difficulty have included use of variational principles where the pressure field is

not required to satisfy the specified boundary condition [251, using fine mesh near the loaded surface, and

using higher order interpolation near the loaded surface [261. None of these gives satisfactory results.

9.' '- During consolidation of nonlinear soils, the stress solution at any time step defines the mechanical behavior

for the next step. Therefoe, it is important to get sufficiently accurate element stresses at each time step.

In the work reported herein, an alternative approach based on use of special 'singularity elements' was used.

111.1 SnLacitv Elnents

Singularity elements, using special interpolation schemes which reflect the actual variation in the

variables, have been extensively used for analysis of fracture where the stresses are unbounded at the crack-

tip. Hughes and Akin [311 proposed special functions for point as well as line singularities. In the present

work only line singularity was considered in the context of a two -dimensional problem.

Consider the sequence of functions

n
f (x) Z 1- x(1
n

over the domain [0,11. Figure I shows the plots for nsO through 5. In the limit as n--)c, f x) =I for x in
n

- '~ the interval [0,1) and =0 at x=l. This is the type of discontinuity encountered in consolidation analysis. Two

types of singularity elements were considered.

Re.hi. Thj toJq ot sin uglarty U t

.. In one dimension, over range (0,11, the singularity element would use interpolation functions

n n1-x~x

where n is sufficiently large. For n:l this reduces to linear interpolation. Noting that the error in pore

water pressures near loaded free-draining boundaries is of relevance only immediately after loading and decays

with advance in the tie domain, it appeared reasonable to use a composite element which would approximate the

singularity for small values of the 'elapsed tim' after loading and reduce to linear interpolation for large
444
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values of the time variable. This led to use of variants of the type

f (x) 2 1 -ax - U - a) (9)
n

where a=O approximates the singularity element and asi gives linear interpolation. Thus, the coefficient a has

IR mto be assigned a value growing with time from 0 to I. The scheme investigated was based on

a - - exp(-mC) (10)

where a is a scalar coefficient and T"the non-dimensional 'time factor'. The investigation covered a range of

values of n and m.

lI.3.ii The three-node singularit element

This element would directly involve three functions, viz.,

where n is sufficiently large. This ws expected to include linear interpolation and approximation of the

'- singularity at the same time.

IlII.B.iii Intercolation functions for the ladrilateral singularity elements

. Special 8-4 and 9-6 elements wre used to model the singularity. Figure 2 shows the arrangement for the

to elements. The line singularity implies singularity in one variable only. In the following we assume this
. 'S to be the variable t. For the 8-4 element the interpolating functions are:

4 "" (N) (I-s)(1-t)

.' ...

:.* s(l-t )

n
s t

.1 " (l-s)t

where the range of sq t is [0,11. If the variant expressed by Equation (9) is employed;

.

'el .



(12)

For the 8-6 eleuent, the interpolating functions are:

~-. n

(N) (1-s)((1-t )-(2-bJN)

K- u((1-t )-(2-hflI)

n

eIst - ) (3

AN

(1-s)t-1M

4I-

b 2s

and
n n
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IY. NUMERICAL PERFORMANCE

Y Introduction

SeveraI investigators [33 thru' 391 have used the finite element method to obtain approximate solutions

to the problem of soil consolidation. Using different interpolation schemes all have generally reported

SI success with whatever scheme they used. Comparative evaluations of different schemes are rare. Some
comparisons of numerical performance were attempted by Sandhu [7,81. In evaluating various procedures, Sandhu

[291 proposed that the following criteria be used.

. i. The Interpolation scheme must conform with the assumptions regarding continuity and differentiability
IN used in setting up the governing variational formulation.

... ~. .~." ii. It should be possible to generate the 'undrained' solution i.e., the state of fluid pressures and

displacements at time tz0 .

iii. For sufficiently small tim steps, the scheme should be insensitive to the choice of the time step

size.

The 8-4 element is known to satisfy all the three conditions [7,8,291 except that near drained loaded

surfaces, the solution at t = 0+ has an error which decays with advance in the time domain [71. If the

solution immediately after loading was of no interest, the 8-4 interpolation scheme would be adequate.

Hov r, if accuracy of the solution at t=04is important (e.g. in nonlinear or cyclic consolidation),

modifications to the element interpolation scheme are necessary. Indeed this was the primary motivation for

,. ' the present investigation.

I Y -1 DAftaw e ft In
The procedures described were applied to Terzaghi's problem of one dimensional consolidation. For this

problem, the theoretical solution is known and, therefore, precise comparisons were possible. The dimensions

of the consolidating soil column and the soil properties were the same as in Sandhu's example [71. Figure 3

shoms the soil column. Figure 4 shows the finite element model. The time domain was partitioned as tabulated

*~ .Ybelow-.
I step of A t a 0 to get the 'undrained' solution

I step of 4t z 000001 over [0.0,0.000011

I stop of A t a 0.01 over (0.00001,O.00011

9 steps of At 20.01 over [0.01001, 0.100011

10 steps of At .0.1 over [0.10001, 1.100011

10 steps of &t 21.0 over [1.10001, 11.100011

9 steps of At 10.0 over [11.10001, 101.100011

10 steps of 4t 2100.0 over [101.10001, 1101.100011

~~7
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8 steps of At z1000.0 over [1101.10001, 9101.10001]

IV.C Re -.s 2f the Alysis

The example problem was solved using the special singularity elements described earlier. The solution in
heach case gave nodal point values of the pare pressures. The error in the solution was non-dimensionalized

through division by the applied surface load.

'.-'. Figure 5A and Tables IA,11 show the history of pore water pressure using the 9-4 element with functions

- . of the type expressed by Equation (8) at depth .03H below the top free-draining boundary of the sail column of
- •. height H. Results show that the 'immediate' pore water pressure obtained by this method was more accurate than

the that obtained using the PS84. However, the pore pressure dropped sharply after application of the load and

..-. accuracy in pore pressures was worse than that of PS84 in later tine stages. Apparently, the error in pore

*. •pressure at later tin stages was due to the absence of the linear term froa the interpolation scheme. Far

time factor values upto .03 the error reduced with a increasing upto 5. For time factor values greater than .3

Id the error increased with increasing n.

Figure 51 and Table IC show the results at a point .06H below the loaded surface. Figure 5C and Table It

4 -. give the results at a depth of .09. As would be expected, the error at these points is throughout smaller

than at .031. The pattern of dependence upon n and the value of the time factor is essentially .pn 23 the

To combine the ability of the singularity interpolation to give accurate 'immediate' pare pressures and

.'. the accuracy of the P984 element for later time stages, it appeared reasonable to set up shape functions such

." -~that the element has the characteristics of the singularity element at early stages and theme chang to those

of PM4 as tin increases. For this reason, shape functions of the type expressed by Equation (9 were

'- *.developed. Figures 6A thru' 6F and Tables 2A thru' 2 show the effect of variation in m for values of n equal

to 5,10,15,30,40 and 48. Figures 66, 611 and Tables 20, 2E give additional information, for n equal to 48, for

.* . the locations .0N and .09H below the surface.

Figure 7 compares the results for various values of n paired with the optimal (out of the met tried) value

" of m In each case. The least error in initial pore pressures was realized for n-48, @.40. However, the error

w sas sn to grow with time. The best overall accuracy was obtained for n-30, ep32.5. For this case, the

mauiaim error was less than three percent. Figures 8A thru' 89 show the spatial variation of error in the

calculated pore pressures for this choice of nm.
4.d

% Figures 9A thru' 90 and Tables 3A thru' 3D illustrate the results obtained using the 8-6 singularity
": A;  element. Accuracy of the pore pressure at any location of the entire soil column except .031 and .0151 below

the loaded surface is good. At later time stages also the pore pressures compared well with the exact solution
and did not differ much from the results of the P84 element regardless of the value of n (so long as it was

.* greter than 5) in the singularity element; nx10 gave the best results.

*~ I'4
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Exact evaluation of the element matrices requires the Gaussian quadrature to use a number of integration

points equal to the index n (for n an integer). This can be quite expensive. The CPU time using 48 integration

points for only one element was about 50 percent more than that for the PS84 system. To reduce computational

costs, use of reduced integration order for the 8-4 element, using interpolants in Equation (8) was

investigated. The error in pore pressures, using five point integration, increased with n upto 20. Beyond this

value of n the error decreased. The best results were obtained for n equal to 62.5. The results are summarized

in Figures 10A thru' IOC and Tables 44 thru' 40.

J-

V. CONCLUSIO

Nuerical performance of the several schemes that were investigated indicates the following:
n

i. The 8-4 singularity element using shape functions based fix) I-x gives good values for the

44r. 'ieiidiate' pore pressures but at later time stages the results are in error. Accuracy in pore water pressures

at all tie stages was improved using reduced order of quadrature for sufficiently high value of n.
n

i . The 0-6 'singularity' element using shape functions based on f(x)zabx+cx , yielded good values of

the pore pressures at all time stages for most of the soil column. However, at locations close to the loaded

surface, the error was quite large. This sakes the scheme unsatisfactory.

iii. Accuracy in pore pressures at all tim staqs can be achieved using the B-4 'singularity' element
whose shape functions are based on f x) 2 1 - as - (l-a)x , in which the coefficient a a I - exp(-@ r). This

co" ines the best characteristics of the singularity element with those of the PS84 element.
The foregoing conclusions are based on study of a onedimensional problem. It is important that the

procedures be extended to problems of two and three dimensions (point singularities as well as surface

'>. singularities) before fir recommendations for routine use of certain elements can be made. Hore investigation

is also needed in the selection of indices n and a used in the formulation. Further, realizing that the

consolidation of soils is a decay process, use of w@re that one exponential terms in the tin domain could

possibly enhance accuracy. Use of reduced integration in conjunction with interpolation of the type fix) a I -
n

ax - (1 - a)Ix , if successful, would reduce the computational costs.
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